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Parallelism and Cubes in C2:c-Geometries
ANTONIO PASINI
We characterize C2:c-geometries that are truncations of almost-thin Cn -geometries and C2:c-geometries
covered by truncated almost-thin buildings of type Cn . Then we show how to profit from those char-
acterizations in the investigation of a number of special cases. The proof of our main theorem is a
rearrangement of the proof of a theorem by Brouwer on rectagraphs. A generalization of Brouwer’s
theorem is also given.
c© 1998 Academic Press Limited
1. INTRODUCTION
A C2:c geometry is a (connected and firm) geometry of rank 3, with elements called points,
lines and quads according to their type, and such that the residue of a quad is a (possibly
infinite) grid, the residue of a point is a (possibly infinite) linear space with all lines of size 2 and
residues of lines are generalized digons. These assumptions are summarized in the following
diagram:
.C2:c/   
points lines quads
c
It is clear from this diagram that if two lines of a given C2:c geometry are incident at a
common point, then there is a unique quad incident to both of them; therefore, no two lines
are incident with two or more common points. (This is the so-called .L L/ property.)
1.1. A few definitions.
Rank and Order. All points of a C2:c-geometry 0 are incident with the same number of lines.
Indeed, given a line L and two points a; b on it, the number of lines incident to a and different
from L is the same as the quads incident to L , which in turn is the same as the lines incident
to b and different from L . Hence the lines incident to a number the same as those incident
to b. The conclusion follows by connectedness.
We denote by rk.0/ the number of lines incident to a given point of 0 and we call this the
rank of 0. (No confusion will arise with the rank of 0 as a diagram geometry, which is 3.)
If n D rk.0/, then every line of 0 belongs to n− 1 quads (with n− 1 D n when n is infinite).
If all lines of 0 are incident to the same number of points, then we say that 0 admits order,
its order being the size of its lines. We denote it ord.0/. (Notice that, according to [23], if
ord.0/ D q and rk.0/ D n, then .q − 1; 1; n − 2/ is the order of 0 as a diagram geometry.)
A line of 0 is said to be thin when it is incident to precisely two points. If all lines of 0 are
thin (namely, 0 has order 2), then we say that 0 is thin–lined. A C2:c-geometry of rank 3 is
a C3-geometry (an ‘almost-thin’ C3-geometry in fact, according to the definition we will state
below).
Truncated Cn-geometries. We say that a Cn-geometry (in particular, a building of type Cn)
is almost thin if all its point residues are thin, where the elements called ‘points’ are those
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corresponding to the leftmost node of the diagram, as in the following:

points

1

1

1
. . . 
1

1
(We warn the reader that almost-thin Cn-geometries are also called ‘thin-lined’ Cn-geometries
in the literature, but with the diagram drawn in the reverse way.) Given an almost-thin Cn
geometry (n  4), if we truncate it as follows

points

lines

quads
 . . .  
truncated nodes
then we obtain a C2:c-geometry of rank n (and order q D sC1, if the Cn-geometry we truncate
admits order s at the leftmost node of its diagram). Henceforth, the C2:c-geometries obtained
in this way will be called geometries of truncated Cn-type.
Hamming Geometries. The geometries to be described here are mentioned in Pasechnik [25,
Example 1]. They are straightforward generalizations of truncated almost-thin buildings of
type Cn . We state some notation first. Given a (possibly infinite) set 3 and a family A D
fAg23 of nonempty sets, with a selected element 0 belonging to all of them, we denote byQ0
23 A the subset of
Q
23 A consisting of all elements f 2
Q
23 A with f ./ D 0 for
all but at most a finite number of entries  2 3.
Given A D fAgi23 as above, assume that A n f0g 6D ; for every  2 3. We define
a connected graph H.A/ by taking the elements of Q023 A as vertices and declaring two
vertices to be adjacent when they agree at all entries but one. We call H.A/ a generalized
Hamming graph, also a Hamming graph, for short. (When j3j D n <1 and all sets A are
finite, then H.A/ is a Hamming graph in the usual sense.)
Assume j3j  3. Then H.A/ is the collinearity graph of a uniquely determined C2:c-
geometry, defined as follows: points and lines are the vertices and the maximal cliques of
H.A/; the quads are the maximal sets of vertices of H.A/ at mutual distance  2. We denote
this C2:c geometry by H.A/ and we call it a Hamming geometry. Clearly,
j3j D rk.H.A// D dim.H.A//
Also, H.A/ is uniquely determined (up to isomorphisms) by the number n D j3j of members
of A and by their sizes. If n < 1 then H.A/ is a truncation of an almost-thin building of
type Cn . If all members of A have the same size, say q, then ord.H.A// D q. If this is the
case, then we denote H.A/ by H.n; q/.
1.2. Outline of the paper. The main result of this paper is a characterization of the C2:c-
geometries covered by Hamming geometries (Section 3, Theorem 3.9). A characterization of
C2:c-geometries that are truncations of almost-thin Cn-geometries is also given in Section 2
(and exploited in the proof of Theorem 3.9). The results of Sections 2 and 3 are rephrased
for c:c-geometries (in Section 4) and used for C2:c:L-geometries (Section 5). In particular, a
generalization of a result from Ronan [29] is obtained in Section 5 (Theorem 5.3).
In Section 6 we show how to profit from the results of Sections 2 and 3 in the investi-
gation of a number of special cases. In particular, in Section 6.1 we develop some ideas in
Pasechnick [25, Section 4]. In Section 6.2 cases of small order and small rank are considered.
Section 6.3 is devoted to the flat case. In Section 6.4 we consider c:c-geometries obtained by
gluing two complete graphs (see Baumeister and Pasini [5]), obtaining among other things an
elementary proof of a result in [5].
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The proof of Theorem 3.9 is a rearrangement of the proof of a theorem from Brouwer [8]
on rectagraphs. In Section 7 a generalization of Brouwer’s theorem is also given. It should be
mentioned that, in the case of finite rank, Theorem 3.9 can also be obtained from Theorem 3.8
of Ronan [29] by forming a C2:c:L geometry and applying the above mentioned theorem of
Ronan to it, as in Baumeister and Pasini [6, Section 3, Proof of Theorem 5]. However, our
Theorem 3.9 holds in the case of infinite rank, too.
1.3. Notation and more definitions. Let 0 be a C2:c geometry. Given a point p and a line
or a quad X of 0, we write p 2 X to mean that p is incident to X . (As distinct lines are
incident to distinct sets of points, this convention is quite natural for lines; it is not so natural
for quads, but harmless.) It will be convenient to have a symbol for the set of lines incident
to a given point p; we denote it by St.p/.
We denote by ? the collinearity relation of 0. Symbols such as a? and fa; bg? have their
usual meaning. Given two collinear points a; b, we denote by L.a; b/ the unique line incident
to them and, given a quad Q incident to a and b, if L.a; b/ belongs to Q then we write
a ?Q b.
The distance d.a; b/ between two points a; b of 0 is the distance of a from b in the
collinearity graph of 0. Given a point a and a line L the distance d.a; L/ of a from L is the
minimal distance of a from points of L .
Two distinct lines of 0 are said to be concurrent if they meet in a point. Given two concurrent
lines L ;M , we denote by Q.L ;M/ the (unique) quad incident to them. Given a quad Q of 0,
any two nonconcurrent lines of Q are said to be parallel in Q, with the convention that every
line of Q is parallel to itself in Q. If L ;M are lines of Q parallel in Q, then we write L kQ M .
Given in Q a line L and a point a, we denote PQ.a; L/ the (unique) line of Q incident to a
and parallel to L in Q.
We refer the reader to [23, Chapter 6] for a general statement of the Intersection Property.
This property can be stated as follows for C2:c-geometries.
.L Q/ if a line L meets a quad Q in two distinct points, then L is incident to Q; and,
.Q Q/ if two distinct quads Q; Q0 meet in two distinct points a; b, then a ? b (and L.a; b/ is
incident to Q and Q0, by .L Q/).
Clearly, .L Q/ is equivalent to the following:
.P L/ if a point p is collinear with two distinct points of a line L , then p 2 L .
It is also clear that .P L/ holds in a C2:c-geometry 0 if and only if the lines of 0 are the
maximal cliques of its collinearity graph. It is also proved in [6] that, if .P L/ (equivalently,
.L Q/) holds, then .Q Q/ is equivalent to the following:
.P Q/ if a point p is collinear with two distinct points of a quad Q, then p 2 Q.
2. PARALLELISM
2.1. The natural parallelism. Given a C2:c-geometry 0, the transitive closure of the relation
‘being parallel in the same quad’ is an equivalence relation on the set of lines of 0. We denote
it by k.
LEMMA 2.1. For every line L of 0 and every point a 62 L , we have M k L for at least one
line M on a.
PROOF. Let  D .a0; a1; a2; : : : ; an D a/ be the shortest path from a point a0 2 L to
a. Write L0 for L and, for i D 1; 2; : : : ; n, let Qi D Q.Li−1; L.ai−1; ai // and Li D
PQi .ai ; Li−1/. The line M D Ln has the required property. 2
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If furthermore distinct concurrent lines of 0 never correspond in k, then the relation k is a
parallelism for the point–line system of 0 (in the meaning of [11]); we call it the natural
parallelism of 0 and we say that 0 admits the natural parallelism.
Given a line L of 0, we denote by L1 its class in the equivalence relation k and we call L1
the point at infinity of L . Given a quad Q, the set Q1 of points at infinity of the lines of Q
is either a singleton or a pair. The relation k is a parallelism if and only if Q1 is a pair for
every quad Q.
Denoted by I the set of equivalence classes of k and given a nonempty subset J of I , let
[J ]0 be the induced substructure of 0 with the same points as 0 and whose lines and quads
are, respectively, the lines L of 0 with L1 2 J and the quads Q (if any) with Q1  J .
Clearly, k is a parallelism if and only if the connected components of [fig]0 are lines for every
i 2 I . Also, k is a parallelism if and only if jI j > 1 and the connected components of [fi; jg]0
are quads, for any pair of distinct elements i; j of I .
Assume that k is a parallelism. Then, for every point p, the function mapping every line of
St.p/ onto its point at infinity is a bijection from St.p/ to I . Hence jI j D rk.0/. Thus, jI j  3
with jI j D 3 precisely when 0 is a C3-geometry. Let jI j > 3. Then the connected components
of [fi; j; kg]0 are C3-geometries, for any choice of three pairwise distinct elements i; j; k 2 I
and, given a positive integer m with 4  m  jI j, the connected components of [J ]0 are
truncated Cm-geometries, for any subset J of I of size m. In particular, if jI j D n < 1
then 0 is of truncated Cn-type. The following is proved in [21, Theorem 4.2]:
LEMMA 2.2. All C2:c-geometries of C3-type or truncated Cn-type admit the natural paral-
lelism.
PROPOSITION 2.3. A C2:c-geometry 0 admits the natural parallelism if and only if every
finite collection of elements of 0 belongs to an induced subgeometry of C3-type or of truncated
Cm-type for some m > 3.
PROOF. Assume that k is a parallelism and let 6 be a finite collection of elements of 0. By
adding a suitable finite set of elements if necessary, we can always assume that 6 is connected
and that at least three elements of I are involved as points at infinity of lines of 6. Hence 6
is contained in a connected component of [J ]0 for some finite subset J of I of size at least 3.
Those connected components are C3-geometries (when jJ j D 3) or truncated Cm-geometries
(with m D jJ j).
Conversely, assume that every finite collection of elements of 0 is contained in some induced
subgeometry of 0 of C3-type or truncated Cm-type. Given a point p, let L k M for two lines
L ;M 2 St.p/. Then there is a sequence L0 D L , L1; : : : ; Lk D M of lines and a corresponding
sequence Q1; Q2; : : : ; Qm of quads such that Li−1 kQi Li for i D 1; 2; : : : ; k. Let
6 D fp; L0; Q1; L1; Q2; L2; : : : ; Lk−1; Qk; Lkg:
Then 6 is contained in some induced subgeometry 1 of 0 of C3-type or truncated Cm-type.
On the other hand, 1 admits the natural parallelism, by Lemma 2.2. Hence L0 D Lk . 2
According to [6, Lemma 1], every C2:c-geometry obtained as a quotient of the truncation of a
2-simply connected Cn-geometry 1 is the truncation of a 2-quotient of 1. On the other hand,
it follows from Theorem 1 of [20] that the universal cover of a truncated Cn-geometry is the
truncation of a 2–simply connected Cn-geometry. Consequently,
LEMMA 2.4. If 0 is of truncated Cn-type, then all its quotients and all its covers are of
truncated Cn-type.
PROPOSITION 2.5. If a C2:c-geometry 0 admits the natural parallelism, then all its quotients
and all its covers admit the natural parallelism.
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PROOF. Assume that k is a parallelism and let f : 0! 0 be a covering. Given a finite set 6
of elements of 0, let 6 be a finite set of elements of 0 with f .6/ D 6. By Proposition 2.3,
the set 6 is contained in a subgeometry 1 of 0 of C3-type or truncated Cm-type. Clearly, if 1
is a C3-geometry, then its image f .1/ is a C3-geometry and, if 1 is of truncated Cm-type,
then f .1/ is of truncated Cm-type (Lemma 2.4). In any case, f .1/  6. By Proposition 2.3,
0 admits the natural parallelism.
On the other hand, let g : e0 ! 0 be a covering and let e6 be a finite set of elements
of e0. Adding a finite number of elements if necessary, we may assume that e6 is a connected
substructure of e0. By Proposition 2.3, the set 6 D g.e6/ is contained in a subgeometry 1 of 0
of C3-type or truncated Cm-type. As g is a covering and e6 is connected, 1 lifts through g to
a subgeometry e1 of e0. Clearly, e1 is a cover of 1. Hence e1 is a C3-geometry or a truncated
Cm-geometry, by Lemma 2.4. By Proposition 2.3, e0 admits the natural parallelism. 2
2.2. Fences. Given a C2:c-geometry 0, let S D .p1; p2; p3; p4IM1;M2;M3;M4/ be a non-
degenerate quadrangle in 0, namely p1; p2; p3; p4 (resp. M1;M2;M3;M4) are distinct points
(distinct lines) with pi D Mi \MiC1 for i D 1; 2; 3 and p4 D M4 \M1. If all points and lines
of S belong to a given quad Q, then we say that the quadrangle S is firm and we call Q the
support of S. In this case M1 kQ M3 and M2 kQ M4.
Given a firm quadrangle S D .p1; p2; p3; p4IM1;M2;M3;M4/ and a line L on p1 not in the
support Q of S, we set L1 D L , Q1 D Q.L1;M1/ and Qi D Q.Li ;Mi /, Li D PQi .pi ; Li−1/
for i D 2; 3; 4.
 
 






L3
L2
L4
L1
p3
p2
p4
p1
The sequence F D .L1; Q1; L2; Q2; L3; Q3; L4; Q4/ will be called a fence (built on S and
starting at L). We say that the fence F is closed if L1 belongs to Q4. The following is proved
in [24, Lemma 12].
LEMMA 2.6. If 0 is simply connected and if all fences built on firm quadrangles of 0 are
closed, then 0 admits the natural parallelism.
SKETCH OF THE PROOF. We give only a sketch of the proof here, referring the reader to [24]
for more details. Assume that 0 is simply connected and that all fences built on firm quad-
rangles of 0 are closed.
Given a path  D .a0; a1; a2; : : : ; an/ in the collinearity graph of 0 and lines L , M on a0
and an respectively, a fence on  from L to M is a sequence
F D .L0; Q1; L1; Q2; L2; : : : ; Ln−1; Qn; Ln/
where L0; L1; : : : ; Ln are lines and Q1; Q2; : : : ; Qn are quads, L0 D L , Ln D M , ai 2 Li ,
Li−1 and Li are parallel lines of Qi and ai−1 ?Qi ai , for i D 1; 2; : : : ; n.
As 0 is simply connected, any two paths in its collinearity graph are homotopic whenever
they start and end at the same points. The following are the elementary homotopies to consider
here:
(1) if a; b; c; d are the vertices of a firm quadrangle, then we may replace the path .a; b; c/
with the path .a; d; c/;
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(2) if a; b; c; d are the vertices of a firm quadrangle, then we may ‘expand’ the edge .a; b/
to the path .a; d; c; b/ or, conversely, ‘shrink’ .a; d; c; b/ to .a; b/;
(3) if a; b; c are points of the same line, then we may ‘expand’ the edge .a; b/ to the path
.a; c; b/ or ‘shrink’ .a; c; b/ to .a; b/;
(4) we may replace any vertex a with a path .a; b; a/ or delete b from such a path, thus
‘shrinking’ it to a.
Exploiting the hypothesis that all fences on firm quadrangles are closed, it is not difficult to
see that, given two elementary homotopic paths  and 0 and a fence F on  from a line L to
a line M , a fence F 0 can be constructed on 0 from L to M agreeing with F at those places
where  and 0 agree. Therefore, given two points a; b and a line L on a, the last line of a
fence starting at L and going along a path  from a to b does not depend on the particular
choice of  but only on its homotopy class. However, all paths from a to b are mutually
homotopic, as 0 is assumed to be simply connected. Consequently, all fences as described
above end at the same line, say M . This shows that k is a parallelism. 2
THEOREM 2.7. The geometry 0 admits the natural parallelism if and only if all fences on
firm quadrangles of 0 are closed.
PROOF. We shall only prove the ‘if’ part of this statement, the ‘only if’ claim being obvious.
Assume that all fences of 0 on firm quadrangles are closed. Then the same holds in the
universal cover e0 of 0 (this is easy to prove; however, a detailed proof is also given in [24],
Proposition 8). Therefore e0 admits the natural parallelism (Lemma 2.6). By Proposition 2.5,
the same holds for its quotient 0. 2
2.3. Order and dimension. The following holds in any C2:c-geometry 0:
PROPOSITION 2.8. Lines corresponding in k have the same number of points.
(This is clear from the connectedness of 0, and since pairs of lines parallel in the same quad
have the same number of points.) Thus, 0 has order q if and only if all lines on a given point
have size q.
Given a point p of 0 and a subset L of St.p/, the lines parallel to lines of L form a (possibly
disconnected) structure on the point-set of 0, which we denote by 0[L]. If 0[L] is connected,
then we say that L spans 0. We denote by dimp.0/ the minimal size of a subset of St.p/
spanning 0. When dimp.0/ does not depend on the particular choice of p (as when 0 admits
the natural parallelism, for instance), then we write dim.0/ for dimp.0/ and we say that 0
has dimension dim.0/. Clearly, dim.0/  rk.0/.
3. HAMMING GEOMETRIES AND THEIR QUOTIENTS
3.1. Preliminaries. Given a family A D fAgi23 of sets with a selected element 0 belonging
to all of them, let A n f0g 6D ; for every  2 3 and j3j  3. Thus, we can consider the
Hamming graph H.A/ and the Hamming geometry H.A/.
Colouring the Edges of H.A/. A colouring is naturally defined for the edges of the Hamming
graph H.A/, the colour . f; g/ of an edge f f; gg being the unique entry  2 3 at which f
and g differ. The colour of a path of length n is the n–tuple of colours of its edges.
We also set . f; g/ D f 2 3 j f ./ 6D g./g for any two vertices f; g. Notice that
j. f; g/j is just the distance d. f; g/ of f from g. The shortest paths from f to g are uniquely
determined by their colours; these are just the n! ways of ordering . f; g/ (where n D d. f; g/),
namely the permutations of . f; g/.
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The null vertex of H.A/ is the unique vertex f0 with f0./ D 0 for all  2 3. Given any
vertex f of H.A/, we write . f / for . f; f0/ and we call . f / the colour of f . Thus,
j. f /j is the distance of f from f0. We call it the weight of f . Clearly, f0 is the unique
vertex of weight 0.
Given two vertices f; g, two paths ,  from f to g are said to be elementary homotopic
when  D γ10γ2 and  D γ1 0γ2 for suitable (possibly null) paths γ1; γ2; 0 and  0 where
j.0/ [ . 0/j  2. Two paths ,  from f to g are said to be homotopic when there
is a sequence 0 D ; 1; : : : ; m D  of paths with i−1 elementary homotopic to i for
i D 1; 2; : : : ;m. The following is clear:
PROPOSITION 3.1. Given any two vertices f; g of H.A/, all paths from f to g are mutually
homotopic. In particular, all closed paths are null homotopic.
As noted above, given two vertices f; g at distance n, the shortest paths from f to g bijectively
correspond to the permutations of the set . f; g/. If 1; 2; : : : ; n are the elements of . f; g/,
the transpositions .1; 2/, .2; 3/,. . . , .n−1; n/ are enough to generate all permutations of
. f; g/. Therefore,
PROPOSITION 3.2. The elementary homotopies of the following kind are enough to produce
any shortest path from f to g from a given one: if gi−1; gi ; giC1 are consecutive vertices of a
shortest path from f to g, then we may replace the subpath .gi−1; gi ; giC1/ with .gi−1; g0i ; giC1/,
where g0i is the unique vertex of H.A/ such that .gi−1; g0i / D .gi ; giC1/ and .g0i ; giC1/ D
.gi−1; gi /.
Some Properties of H.A/. It is easy to check that the properties .P L/ and .P Q/ of Section
1.3 hold in H.A/. Hence the Intersection Property holds in H.A/.
All edges of a clique of H.A/ have the same colour. Hence all edges of H.A/ contained in
a given line X of H.A/ have the same colour. We call it the colour of X . On the other hand,
every path of H.A/ with all edges of the same colour is contained in a clique. Consequently,
distinct lines of H.A/ with the same colour never intersect. Furthermore, the lines of a given
quad Q of H.A/ have only two colours, two lines of Q being parallel in Q precisely when
they have the same colour. Therefore,
PROPOSITION 3.3. The geometry H.A/ admits the natural parallelism, its natural paral-
lelism being the relation ‘having the same colour’; furthermore,
dim.H.A// D rk.H.A// D j3j:
Given a line X of colour  and a point f 62 X , there is just one point g 2 X with g./ D f ./.
That point is, in fact, the unique point of X at minimal distance from f . Thus,
PROPOSITION 3.4. For every line X and every point f of H.A/, there is just one point of
X nearest to f .
The following is an easy consequence of Proposition 3.1 (see also Pasechnik [25, Proposi-
tion 4]).
PROPOSITION 3.5. The geometry H.A/ is simply connected.
Automorphism. The automorphisms of H.A/ are pairs γ D .g; .g/23/ where g is a per-
mutation of 3 such that jAg./j D jAj for every  2 3 and g is a bijection from Ag./ to A
such that g.0/ D 0 for all but at most a finite number of entries  2 3; a point f of H.A/
is mapped by γ onto the unique point f γ such that
f γ ./ D g. f .g−1.///; .for all  2 3/:
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The permutation g will be denoted by γ1 and, given a subgroup G of Aut.H.A//, we set
G1 D fγ1gγ2G . We call G1 the action at infinity of G. (This expression sounds quite
natural if, according to Proposition 3.3, we regard 3 as the line at infinity of H.A/.)
When H.A/ D H.n; q/, we may assume that A D K for every  2 3, with K a given set
of size q with a selected element 0. The bijections g are regarded as permutations of K . In
particular, when q and n are finite we have Aut.H.n; q// D Sym.q/ o Sym.n/.
Quotients. As H.A/ is simply connected (Proposition 3.5), all its quotients are obtained by
factorizing over suitable subgroups of Aut.H.A// and these residually define quotients ([23],
Theorem 12.56 and Corollary 12.57). By considering the conditions stated in [23] (Chapter
11) for an automorphism group of a geometry to define quotients, one can see that a subgroup
G of Aut.H.A// defines a quotient of H.A/ if and only if the following hold (compare [6],
Section 5):
.Q1/ distinct quads (points) in the same G-orbit never meet in a point (belong to the same
quad) and G acts semi-regularly on the set of elements of H.A/.
The next statement easily follows from Propositions 2.5 and 3.3:
PROPOSITION 3.6. All quotients of a Hamming geometry admit the natural parallelism.
COROLLARY 3.7. A subgroup G of Aut.H.A// defines a quotient of H.A/ only if its action
at infinity is trivial, namely G1 D 1.
PROOF. Assume the contrary. Let G  Aut.H.A// define a quotient of H.A/ but γ1./ 6D
 for some  2 3 and some γ 2 G. Given a point p of H.A/ and a line L 2 St.p/ of colour
, let p0 D γ .p/ and let L 0 be the line on p0 of colour , namely the line on p0 parallel to
L . Then there are lines L0L1; : : : ; Ln with L0 D L , Ln D L 0 and Li parallel to Li−1 in some
quad, for i D 1; 2; : : : ; n. Denoted by  the projection of H.A/ onto H.A/=G, the lines .Li /
and .Li−1/ are parallel in some quad of H.A/=G. Hence .L/ and .L 0/ are parallel in
H.A/=G. However, .L/ and .L 0/ are distinct lines of H.A/=G incident to .p/. (Indeed
γ .p/ D p0 2 L 0 and γ .L/ 6D L 0 because γ1./ 6D .) Thus, H.A/=G does not admit the
natural parallelism, contrary to Proposition 3.6. 2
The following statement is an easy (but important) consequence of .Q1/.
PROPOSITION 3.8. Let A be finite, namely j3j D f1; 2; : : : ; ng for some integer n > 2 and
jAj D s for  D 1; 2; : : : ; n and integers s1; s2; : : : ; sn > 1. Then the number of points of a
quotient of H.A/ is always a divisor of QnD1 s.
3.2. Geometries covered by Hamming geometries. All quotients of Hamming geometries ad-
mit the natural parallelism (Proposition 3.6), but admitting the natural parallelism is not suf-
ficient for a C2:c-geometry to be a quotient of a Hamming geometry. Conterexamples will
be mentioned in Section 6.3. A characterization of quotients of Hamming geometries will be
given in the following. In view of this, we need to consider certain configurations, which we
call ‘boxes’. Let 0 be a C2:c-geometry. Given a firm quadrangle
S D .a1; a2; a3; a4IM1;M2;M3;M4/
with support Q, a box on S is a configuration
B D .b1; b2; b3; b4I L1; L2; L3; L4I Q1; Q2; Q3; Q4/
where the sequence .L1; Q1; L2; Q2; L3; Q3; L4; Q4/ is a fence on S starting at L1, bi is a
point of Li n fai g for i D 1; 2; 3; 4 and bi ?Qi biC1 for i D 1; 2; 3.
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We call .L1; Q1; L2; Q2; L3; Q3; L4; Q4/ the support of B. We say that the box B is closed
if its support is closed and, furthermore, b4 ?Q4 b1.
NOTE. A ‘nice’ closed box looks like a cube, but degenerate closed boxes might also exist
in 0, which look fairly differently. For instance, we might have L2 D L4 or L1 D L3 or both;
also a2 D b4 (or a1 D b3, or a3 D b1, . . . ); or even ai D b j for all pairs i; j with ji − j j D 2.
THEOREM 3.9. A C2:c-geometry 0 is covered by a Hamming geometry if and only if all
boxes on firm quadrangles of 0 are closed.
PROOF. We shall prove the ‘if’ part of this statement, leaving the (easy) proof of the ‘only
if’ part for the reader. The proof we will give generalizes an idea from Brouwer [8].
Assume that all boxes of 0 are closed. By Theorem 2.7, 0 admits the natural parallelism,
namely k (defined as in Section 2) is a parallelism.
Choosing a point p of 0, we call it 0. Furthermore, we give every line of St.p/ an index
taken from a suitable set 3, denoting by A the line indexed by , for  2 3. Thus,
St.p/ D fAg23. Given a line L of 0, let A be the line on 0 parallel to L . We call  the
colour of L .
We shall prove that 0 is a quotient of H.A/, with A D fAg23. We define a mapping 
from the set of vertices of H.A/ to the set of points of 0 according to the following inductive
clauses, where f0 is the null vertex of H.A/:
.A/0 . f0/ D 0 (D p).
.A/1 Given a vertex f of H.A/ of weight 1, let  D . f /. Then . f / D f ./ (which is a
point of the line A).
.A/n Given a vertex f of H.A/ of weight n > 1, let g be a vertex of H.A/ of weight n − 2
at distance 2 from f and let fu; vg D f f; gg (with  denoting the adjacency relation of
H.A/). The point .g/ (which we assume to have defined two steps earlier) is distinct
from the points .u/ and .v/ (defined one step earlier) and collinear with each of them
in 0; furthermore, the lines L D L..g/; .u// and M D L..g/; .v// are distinct.
(See .B/n , below.)
Let Q D Q.L ;M/, L 0 D PQ..v/; L/ and M 0 D PQ..u/;M/. Then L 0 and M 0 are
concurrent lines of Q. Their meeting point is taken as . f /.
We need to show that  is well defined; namely, that the following hold.
.B/n If g; u; v are as in .A/n , then .g/ is distinct from .u/ and .v/ and collinear with
each of them (as claimed in .A/n); furthermore, L..g/; .u// 6D L..g/; .v// (as
claimed in .A/n).
.C/n If f has weight n > 1, then . f / does not depend on the particular vertex g we choose
in .A/n ;
We shall prove the following instead of .B/n .
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.B 0/n If f has weight n > 0 and g  f has weight n − 1, then .g/ 6D . f / and .g; f / is
the colour of the line L..g/; . f // of 0.
Notice that .B 0/n−1 implies .B/n . Indeed, according to .B 0/n−1, .g; u/ and .g; v/ are the
colours of L D L..g/; .u// and M D L..g/; .v//; however, .g; u/ 6D .g; v/. Hence
L 6D M .
Thus, we only need to prove .C/n and .B 0/n . We shall work by induction on n. As .C/2
and .B 0/1 are obvious, we may assume n > 2 in .C/n and n > 1 in .B 0/n . Also, .C/n and
.B 0/n−1 (and .A/n) imply .B 0/n . Thus, we only need to deduce .C/n from the hypothesis that
.C/m and .B 0/m hold for all m < n.
Let .C/m and .B 0/m hold for all m < n. Given a vertex f of H.A/ of weight n, let g1; g2
be distinct vertices of weight n− 2 at distance 2 from f . Thus, g1; g2 belong to shortest paths
from f0 to f .
We consider the following case first: d.g1; g2/ D 2, fg1; g2; f g 6D ; and there is a vertex
u 2 fg1; g2g of weight n − 3. Let v be the (unique) vertex of fg1; g2; f g and, for i D 1; 2,
let vi be the unique vertex of fgi ; f gnfvg. The edges fgi ; vi g and fv; f g have the same colour,
say . Hence there is a unique vertex w 2 fu; v1; v2g with .u; w/ D . According to .C/m
(with m D n − 3; n − 2; n − 1) the points .u/, .g1/, .g2/, .w/, .v1/, .v2/ and .v/
are well defined. Furthermore, they are all distinct (by .B/mC1 with m D n − 3; n − 2; n − 1,
which follows from .B 0/m). By .B 0/m with m D n−2 and n−1 we also obtain the following:
.u/ is collinear with .g1/; .g2/ and .w/,
.g1/ is collinear with .v1/ and .v/,
.g2/ is collinear with .v2/ and .v/,
.w/ is collinear with .v1/ and .v2/,
 is the colour of L..g1/; .v1//; L..g2/; .v2// and L..u/; .w//,
 is the colour of L..g1/; .v//; L..u/; .g2// and L..w/; .v2//,
 is the colour of L..g2/; .v//; L..u/; .g1// and L..w/; .v1//,
where
 D .g1; v1/ D .g2; v2/ D .u; w/ (as stated above);
 D .g1; v/ D .u; g2/ D .w; v2/;
 D .g2; v/ D .u; g1/ D .w; v1/:
According to the clause .A/n , we take the point . f / in the line through .v/ of colour 
and such that . f / ?Qi .vi / with Qi the quad incident to the lines L..gi /; .vi // and
L..gi /; .v///. We take i D 1 or 2 depending on which of the vertices g1 or g2 we choose
to apply .A/n . Thus, two distinct points . f /1 and . f /2 might be obtained in this way,
according to whether i D 1 or 2.
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However, we have assumed that all boxes are closed in 0. Therefore . f /1 D . f /2. Thus,
which of the points g1 or g2 we choose when applying .A/n makes no difference.
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Let us turn to the general case now: g; g0 of weight n−2 and at distance 2 from f . However,
by Proposition 3.2 there is a sequence g D g0; g1; : : : ; gk D g0 of points of weight n − 2 at
distance 2 from f with gi−1 and gi as in the case examined above (i D 1; 2; : : : ; k). Hence it
makes no difference if we choose g or g0 when defining . f /.
Thus,  is well defined. We shall prove now that  naturally induces a covering from H.A/
to 0. We first prove the following:
.D/ Let X be a line of H.A/. Then the set of points .X/ is a line of 0 and the restriction
of  to X is injective.
We exploit induction on the distance n of f0 from X . If n D 0 there is nothing to prove. Let
n > 0. By Proposition 3.4, there is a unique point f 2 X of weight n. Let . f0; f1; : : : ; fn D f /
be the shortest path from f0 to f and let Y be the line on fn−1 parallel to X . By the inductive
hypothesis, the sets M D .Y / and N D .L. fn−1; fn// are lines of 0. Let L be the line of 0
on . f / parallel to M . According to .A/n , the points of .X/ are those that can be obtained
as meeting points of L with lines parallel to N and passing through points of M . However,
these are precisely the points of L . Hence .X/ D L .
We still need to prove that the restriction of  to X is injective. Let x1; x2 2 X be such that
.x1/ D .x2/. For i D 1; 2, let Zi be the line on xi parallel to L. fn−1; fn/ and let yi D Y\Zi .
Then .Zi / joins .yi / (2 M) with .xi / and is parallel to N . Hence .Z1/ D .Z2/, as
both .Z1/ and .Z2/ are parallel to N and meet in the point .x1/ (D .x2/). Consequently,
.y1/ D .y2/. Therefore y1 D y2 since, by the inductive hypothesis,  is injective on Y .
Hence x1 D x2. Thus, .D/ is proved.
For every colour , the lines of H.A/ of colour  are mapped by  onto lines of 0 of the
same colour. That is,  preserves the natural parallelism. Quads are uniquely determined by
their sets of lines, a quad (of H.A/ or of 0) being incident to precisely those lines that are
parallel to one of two given intersecting lines and meet the other one. It is now clear that 
also maps quads onto quads and that, for any quad Q of H.A/, the restriction of  to Q is
injective. That is,  is a covering from H.A/ to 0. 2
COROLLARY 3.10. Assume that 0 admits the natural parallelism and satisfies the property
.L Q/. Then 0 is a quotient of a Hamming geometry.
PROOF. In view of Theorem 3.9, we only need to prove that all boxes of 0 are closed.
Assume the contrary; namely, for some firm quadrangle
S D .a1; a2; a3; a4IM1;M2;M3;M4/
and some box .b1; b2; b3; b4I L1; L2; L3; L4I Q1; Q2; Q3; Q4/ over S, the line of Q4 parallel
to M4 meets L1 in a point b5 6D b1 (recall that L1 is a line of Q4, as we have assumed that k
is a parallelism).
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For i D 1; 2; 3; 4, let Ni D L.bi ; biC1/. We have N1 k N3 and N2 k N4, since Ni kQi Mi
for i D 1; 2; 3; 4 and M1 kQ M3, M2 kQ M4, with Q the support of S. However, k is a
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parallelism. Hence N1; N2; N3; N4 belong to the same quad, say Q0. Clearly, L1 is not a line
of Q0. However, it meets Q0 in two distinct points, namely b1 and b5, contrary to .L Q/. 2
COROLLARY 3.11. A thin-lined C2:c geometry is a quotient of a Hamming geometry if and
only if it admits the natural parallelism.
PROOF. The ‘only if’ part of this statement is Proposition 3.6. Let us prove the ‘if’ part.
Let 0 be a thin-lined C2:c geometry and assume that k is a parallelism. As all lines of 0 have
just two points, if the fence supporting a box is closed, then that box is closed. However, all
fences on firm quadrangles of 0 are closed, as k is a parallelism. Consequently, all boxes on
firm quadrangles are closed. Theorem 3.9 gives us the conclusion. 2
4. AN APPLICATION TO c:c-GEOMETRIES
A c:c geometry is a rank-3 geometry belonging to the following diagram
  
C 0 −c c
(C, 0 and − are the types and the label c means the dual of c).
4.1. Folding and unfolding. Given a c:c-geometry 1, the folding of 1 is the thin-lined
C2:c-geometry F.1/ defined as follows: the points of F.1/ are the elements of 1 of type C
and −; the lines of F.1/ are the flags of 1 of type fC;−g; the quads of F.1/ are the elements
of 1 of type 0. The incidence relation is inherited from 1. In particular, a line fx; yg and a
point (a quad) z of F.1/ are incident to F.1/ precisely when z belongs to (is incident to) the
flag fx; yg in 1.
Clearly, F.1/ satisfies .L Q/ and its collinearity graph is bi-partite. Conversely, given a
thin-lined C2:c-geometry 0 satisfying .L Q/ and with a bi-partite collinearity graph, we can
unfold 0 to a c:c-geometry U .0/, as follows: if fPC; P−g is the bipartition of the collinearity
graph of 0, we take the points of PC (resp. P−) as elements of type C (resp. −), declaring
pC 2 PC and p− 2 P− to be adjacent in U .0/ precisely when they are collinear in 0; the
elements of U .0/ of type 0 are the quads of 0, a quad Q and a point p of 0 being incident
as elements of U .0/ precisely when they are incident in 0.
Clearly, F.U .0// D 0. Also, U .F.1// D 1 for any c:c-geometry 1. The following is a
special case of a theorem of Rinauro [28].
PROPOSITION 4.1. Given a c:c-geometry 1, let e1 be its universal cover. Then F.e1/ is the
universal cover of F.1/.
Unfolding Thin-lined Hamming Geometries. A Hamming geometry H.A/ is thin-lined pre-
cisely when all members of A have size 2. Let this be the case. Then the graph H.A/ is
bipartite, one class of the bipartition containing all vertices of even weight and the other one
all vertices of odd weight. Furthermore, the Intersection Property holds in H.A/. Thus, we
can unfold H.A/ to a c:c-geometry U .H.A//, which we denote by U .A/, for short.
When A contains a finite number n of members, H.A/ is a truncation of the Coxeter complex
of type Cn and U .A/ is the corresponding truncation of the Coxeter complex of type Dn .


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 . . .  
C
−
truncated nodes
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This is the only truncation we will considered for that complex here; thus, we just call it the
truncated Coxeter complex of type Dn .
The truncated Coxeter complex of type Dn has 2n−1 elements of each type C and −. This
fact and Proposition 3.8 imply the following:
PROPOSITION 4.2. A c:c-geometry is a quotient of a truncated Coxeter complex of type Dn
only if it has 2m points for some m < n.
4.2. Quotients of U .A/. A tetrahedron of a c:c-geometry 1 is a configuration
T D ..ai /4iD1I .ei; j /1i< j4/
where a1; a2; a3; a4 are distinct elements of type C (or of type −) and ei; j is an element of
type 0 incident with ai and a j , for i; j D 1; 2; 3; 4, i < j . We say that a tetrahedron T is
almost closed if there are elements b1; b2; b3 of type − (resp. C) with bi incident to e j;k for
any choice of distinct indices i; j; k 2 f1; 2; 3; 4g with i 6D 4 and j < k. If furtheremore there
is an element b4 of type − (resp. C) incident to e1;2; e1;3 and e2;3, then we say that T is
closed. The following two pictures show what an almost-closed and a closed tetrahedra look
like in F.1/:
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(The symbols  and ? used for points of F.1/ in the above pictures correspond to the types C
and − of 1.)
LEMMA 4.3. The folding F.1/ of a c:c-geometry 1 admits the natural parallelism if and
only if all almost-closed tetrahedra of 1 are closed.
PROOF. Assume that F.1/ admits the natural parallelism and let
T D ..ai /4iD1; .ei; j /1i< j4/
be a tetrahedron of 1, with a1; a2; a3; a4 of type C, to fix ideas. Let T be almost closed, with
b1; b2; b3 of type − and bi incident to e j;k for 1  j < k  4, j; k 6D i (and i D 1; 2; 3). For
fi; j; kg D f1; 2; 3g, let ci be the element of type − incident to e j;k and different from bi . We
have the following in F.1/:
fa3; c2g k fb2; a1g k fa4; b3g k fb1; a2g k fa3; c1g:
Hence fa3; c2g k fa3; c1g. However, we have assumed k to be a parallelism. Consequently,
c2 D c1. Similarly, c3 D c1. Thus, the element b4 D c1 (D c2 D c3) closes the tetrahedron.
Conversely, if all almost-closed tetrahedra of1 are closed, then all boxes on firm quadrangles
of F.1/ are closed and, by Theorem 2.7, F.1/ admits the natural parallelism by Theorem 2.7.
We leave the proof for the reader. 2
THEOREM 4.4. A c:c-geometry 1 is a quotient of the unfolding of a thin-lined Hamming
geometry if and only if all almost-closed tetrahedra of 1 are closed.
(This proof is easy, by Lemma 4.3, Corollary 3.11 and Proposition 4.1.)
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5. AN APPLICATION TO C2:c:Ln -GEOMETRIES
In this section 1 is a geometry for the following diagram of rank n C 2  4 and Tr.1/ is
the C2:c-geometry obtained from it by removing all elements of type i  3.
.C2:c:Ln/      
0 1 2 3 n n C 1
points lines quads
. . .
c L L
(The label L stands for the class of linear spaces and 0; 1; : : : ; n C 1 are the types). We call
C2:c residues of 1 the residues of flags of 1 of type f3; 4; : : : ; n C 1g.
LEMMA 5.1. Given in Tr.1/ a firm quadrangle S and a fence F on it, there is a unique
element of 1 of type 3 incident to all elements of S and F .
PROOF. Given a quad Q of Tr.1/ let S D .a1; a2; a3; a4IM1;M2;M3;M4/ be a firm
quadrangle supported by Q and F D .L1; Q1; L2; Q2; L3; Q3; L4; Q4/ be a fence on S. The
residue of a3 contains a unique element x of 1 of type 3 incident to M2; L3;M3; Q2; Q3
and Q. Clearly, x is also incident to M1 and M4 (which are lines of Q) and to L4 (which
belongs to Q3). Hence x is incident to the quads Q1 and Q4 (‘spanned’ by M1 and L2 and
by L4 and M4, respectively). Finally, the line L1 of Q1 is also incident to x . 2
The above lemma and Theorem 2.7 imply the following:
THEOREM 5.2. The C2:c-geometry Tr.1/ admits the natural parallelism if and only if all
C2:c residues of 1 admit the natural parallelism.
By Lemma 5.1 and Theorem 3.9 we also obtain the following:
THEOREM 5.3. The C2:c-geometry Tr.1/ is covered by a Hamming geometry if and only if
all C2:c residues of 1 are covered by Hamming geometries.
(Note that, when rk.Tr.1// is finite, the above is a special case of Theorem 3.8 of Ronan [29];
however, no hypotheses are made on rk.Tr.1// here.) A theorem analogous to the above also
holds for geometries belonging to the following diagram and for their truncations:
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 
n − 2 n − 1
. . .
L

 	
nodes to truncate
We leave the details for the reader.
Hamming Expansions. An interesting family of C2:c:Ln-geometries is obtained by the fol-
lowing construction, which is a special case of parallel expansion ([11]; also [10]). Given
a Hamming geometry H D H.A/ of dimension dim.H/  4, let M be a matroid with
m D dim.H/ points and dimension n C 1 < m, with n an integer greater than 1. Suppose that
M is thin–lined, namely all its lines have size 2. As the points of M number the same as
the members of A, we may take the points of M as indices for the members of A. For every
flat X of M of dimension > 1 and every point f of H, let [ f ]X be the set of points g of H
with . f; g/  X . These sets, together with the points, the lines and the quads of H extend
H to a C2:c:Ln geometry with point-residues isomorphic to M. We call this geometry the
Hamming expansion of M by H. (A special case of this construction with H of order 2 and
M D AG.n; 2/ is considered in [7].)
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If n C 2 D dim.H/ then M is the .n C 1/-dimensional simplex and its Hamming expansion
is an almost-thin building of type CnC2. However, when dim.H/ > 4 we can take n <
dim.H/−2. In this case different choices are possible forM and we obtain H as a truncation
from different C2:c:Ln-geometries.
PROPOSITION 5.4. Hamming expansions of thin–lined matroids are 2–simply connected.
(This follows from Theorem 1 of [20] and from the simple connectedness of Hamming ge-
ometries.)
6. SPECIAL CASES AND EXAMPLES
6.1. Affine expansions. Given an affine space A of dimension at least 2, let A1 be its
projective space at infinity and let P be a set of points of A1 containing at least three points
and spanning A1 (possibly, P D A1). According to [11] (also [23], Chapter 2), the affine
expansion A[P] of P to A is the following geometry of rank 3. The points of A[P] are those
of A and the lines of A[P] are the lines L of A with L1 2 P (where L1 stands for the
point at infinity of L). The incidence relation between points and lines is the natural one,
inherited from A. The remaining elements of A[P], called quads, are defined as follows: for
any choice of distinct points a; b 2 P , let La;b be the set of lines L of A with L1 D a or b
and let Aa;b be the incidence structure with the same points as A and with La;b as the set of
lines. The structure Aa;b does not need to be connected. Its connected components are taken
as quads of A[P] and a quad is declared to be incident to precisely those points and lines it
contains.
It is easy to see that A[P] is a C2:c geometry. Clearly, A[P] admits the natural parallelism
(inherited from A), we have rk.A[P]/ D jPj and the order of A[P] is the order of A. Further-
more, dim.A[P]/ D dim.A/. Thus, a finite C2:c-geometry 0 admitting the natural parallelism
and with dim.0/ > 2 can be embedded as an affine expansion in at most one affine space (but
the embedding need not be unique, as we will see in Section 6.1.4). It may be different when
the lines of 0 have infinitely many points; indeed, infinitely many nonisomorphic fields exist
of the same order and, when P is independent of A1 (or ‘nearly’ such), the structure of A[P]
embodies (almost) no information on the structure of the underlying field of A.
REMARK. When A is a desarguesian affine space or a translation plane, the points (lines
and quads) of A[P] can be viewed as elements (resp. subgroups) of the translation group T
of A and A[P] is a special case of a group–theoretic construction by Pasechnik [25, Section
4]. Accordingly, some of the forthcoming propositions (e.g., Propositions 6.1 and 6.3) are
contained in analogous results of Pasechnik [25] (for instance, Proposition 6.3 is contained in
Proposition 6 of [25]). However, we shall give their proofs here; they are quite short.
Hamming geometries of affine type.
PROPOSITION 6.1. If P is an independent spanning set of A1, then A[P] is a Hamming
geometry.
PROOF. Let P be independent. Then dim.A/  3. Hence A is the affine geometry AG.V / of
a vector space V over a (possibly noncommutative) field K and A1 D PG.V /, the projective
geometry of linear subspaces of V . As P is an independent spanning set of A1, its points are
the one-dimensional linear subspaces of V spanned the vectors of a basis fepgp2P of V . It is
clear that A[P] D H.A/, with A D P , the latter being regarded as a set of linear subspaces
of V . 2
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We say that a Hamming geometry H is of affine type if H D A[P] for some affine space A of
dimension at least 3 and some independent spanning set P of A1. The following is an easy
consequence of Proposition 6.1:
COROLLARY 6.2. A Hamming geometry H is of affine type if and only if it admits order,
with ord.H/ a prime power when it is finite.
Let H be of affine type, H D H.n; q/ (notation as in Section 3.1) If q <1 (whence a prime
power) then the n–dimensional affine space over G F.q/ is the unique affine space A such that
H D A[P]. On the other hand, if q is infinite then H can be realized as an affine expansion
in infinitely many different affine spaces, as infinitely many fields exist with the same infinite
number of elements. (On consideration, the expression ‘of affine type’ does not sound very
appropriate, but we have not found a better one.)
Quotients of Hamming geometries of affine type.
PROPOSITION 6.3. Let A be a desarguesian affine space or a translation plane, let A1 be
its line at infinity and let P a subset of A1 containing at least three points. Then A[P] is
covered by a Hamming geometry of affine type of dimension jPj and with the same order as A.
PROOF. The geometry A[P] admits the natural parallelism and a quadrangle of A[P] is firm
if and only if its opposite sides are parallel. Thus, requiring all boxes on firm quadrangles
to be closed amounts to require that, for any two collinear points a; b of A[P], there is an
automorphism of A[P] mapping a onto b and behaving as a translation on A[P]. However,
we have assumed that A admits all translations. Hence all boxes in A[P] are closed. By
Theorem 3.9, A[P] is covered by a Hamming geometry, say H, which is of affine type
by Corollary 6.2 (recall that finite translation planes have prime power order). We have
dim.H/ D jPj. 2
When the affine space A is desarguesian, a covering from the appropriate Hamming geometry
to A[P] is not difficult to describe. Let A D AG.V0/ for some vector space V0. The points
of P are one-dimensional linear subspaces of V0. For every p 2 P , let ep be a vector of V0
spanning p. Given a maximal independent subset P0 of P , the set E0 D fepgp2P0 is a basis
of V0.
If P0 D P then A[P] is a Hamming geometry (Proposition 6.1). Thus, assume P0  P
and let V1 be another vector space over the same field as V0, with V1 \ V0 D 0 and spanned
by a basis E1 D f f pgp2PnP0 . Then E D E0 [ E1 is a basis of V and the set, say PE , of
one-dimensional linear subspaces spanned by the vectors of E is an independent spanning set
for the projective geometry PG.V / of linear subspaces of V . By Proposition 6.1, the affine
expansion of PE to the affine geometry AG.V / of V is a Hamming geometry of affine type,
say H. The abelian group V , regarded as the translation group of AG.V /, is a subgroup of
Aut.H/, regular on the set of points ofH. Thus, all subgroups of V (in particular, all subspaces
of V ) are subgroups of Aut.H/, semi-regular on the set of points of H. The property .Q1/ of
Section 3.1 can be restated as follows for a linear subspace W of V :
.Q2/ we have W \ L D 0 for every two-dimensional subspace L of V spanned by two vectors
of E .
Let W be the subspace of V spanned by the vectors vp D ep C f p for p 2 P n P0. It is
not difficult to check that W satisfies .Q2/. Hence W defines a quotient H=W of H. Also,
W \ V0 D 0, hence V D V0  W . Let  be the projection of V onto V0 with kernel W .
Clearly,  maps PE bijectively onto P . Thus,  maps H onto A[P]. On the other hand,
.H/ D A[P]. Therefore, A[P] D H=W .
If  is as above, then we call it an affine covering and we say that A[P] is an affine quotient
of H. Thus,
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PROPOSITION 6.4. If A is desarguesian then, for every subset P of A1 spanning A1 and
containing at least three points, the affine expansion A[P] is an affine quotient of a Hamming
geometry of affine type.
Now we can prove the following converse of Proposition 6.1:
COROLLARY 6.5. An affine expansion A[P] is a Hamming geometry only if jPj D dim.A/
(whence dim.A/ > 2 and P is an independent spanning set for A1/.
PROOF. Let A[P] D H for some Hamming geometry H. If A is a plane, then a proper tri-
angle can be produced in the point–line system of A[P] exploiting the fact that, by assumption,
jPj > 2. However, no proper triangles exist in Hamming geometries. Therefore dim.A/ > 2.
Hence A is desarguesian, whence there is an affine covering  : H! A[P] (Proposition 6.4).
However, A[P] D H by assumption. Hence  is an isomorphism. Therefore P is independent
in A1. 2
PROPOSITION 6.6. LetH be the n–dimensional Hamming geometry of affine type and order q.
Nonaffine quotients of H exist except when q is a prime integer.
PROOF. We may assume H D H.A/ with A a family of copies of a given set K of size q.
It is clear from Corollary 3.7 that, if q is a prime integer, then every quotient of H is of affine
type.
If q is a nonprime integer and γ D .; .g/23/, with g a cyclic transitive permutation of
K , then hγ i defines a nonaffine quotient of H.
Let q be infinite. Given a nonprime integer k > 3, for every  2 3 let γ be a cyclic
permutation of K of order k with hγi semi-regular on K . Then the element γ D .; .γ/23/
of Aut.H/ generates cyclic subgroup of H which defines a quotient of H. However, hγ i
has order k, whence it cannot be involved in the additive group of any field. Therefore, the
quotient H=hγ i is nonaffine. 2
Affine representations. All desarguesian affine spaces considered in the following are assumed
to arise from left vectors spaces; this causes no loss, as every right vector space over a field K
can be viewed as a left vector space over the opposite of K.
A C2:c geometry might be realizable in different ways as an affine expansion. The following
definitions will help us to understand this point better. Given a C2:c-geometry 0 and an
affine space A of dimension dim.A/ D dim.0/, a representation of 0 in A (also, affine
representation of 0) is an isomorphism from 0 to A[P], with P a spanning set of A1.
When A is desarguesian, the representations of 0 in A, if any, are said to be defined over K,
with K the ground–field of A. In particular, if dim.0/ > 2 (for instance, if 0 is a Hamming
geometry), then every affine representation of 0 is defined over some field. The following is
an easy consequence of Proposition 6.4:
COROLLARY 6.7. A C2:c geometry is an affine quotient of a Hamming geometry of affine
type if and only if it admits an affine representation in some desarguesian affine space.
Given two representations 1, 2 of a C2:c-geometry 0 in affine spaces A1 and A2, we say
that 1 and 2 are isomorphic (and we write 1 D 2) if 1g D f 2 for some g 2 Aut.0/
and some isomorphism f : A1 ! A2.
We consider representations of Hamming geometries of affine type first, then we turn to
representations of their affine quotients. Henceforth, H stands for a given Hamming geometry
of affine type.
PROPOSITION 6.8. Let 1 and 2 be two affine representations of H. We have 1 D 2 if
and only if 1 and 2 are defined over the same field.
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PROOF. We only need to prove the ‘if’ part, the ‘only if’ part being trivial. Let A1, A2
be the affine spaces in which H is represented by 1 and 2 and assume that A1 and A2 are
defined over the same field. Then A1 D A2, as dim.A1/ D dim.A2/ D dim.H/. Furthermore,
for i D 1; 2 we have i .H/ D Ai [Pi ] for an independent spanning set Pi of A1i (Corollary
6.5). An isomorphism f : A1 ! A2 exists mapping P1 onto P2. Thus, f maps A1[P1] onto
A2[P2] and −12 f 1 2 Aut.H/. 2
Let  : H! A[P] be a given affine representation of H in the affine geometry A D AG.V /
of a vector space V , with P the set of one-dimensional subspaces of V spanned by a given
basis E of V . We denote by Aut./ the group of the automorphisms g of H such that g−1
is induced by an automorphism of A. Clearly, Aut./ D V :L P , where V is regarded as the
translation group of A and L P is the stabilizer of P in the group L D 0L.V / of semi-linear
transformations of V .
Given a subspace W of V defining an affine quotient H=W of H, let HW and  AW be the
projections of H onto H=W and of AG.V / onto AG.V=W /, respectively. There is a unique
representation " of H=W in AG.V=W / such that "HW D  AW. We call it the –natural
representation of H=W in AG.V=W /.
For every g 2 Aut.H/, the conjugate W g of W defines an affine quotient of H, but with
respect to the representation  D g. Its –natural representation is " D "gW , with gW the
isomorphism from H=W g to H=W sending the W g–orbit W g.x/ of an element x of H to the
W –orbit of its image g.x/.
Assume that W g D W . Then gW is an automorphism ofH=W , sending W .x/ to W .g.x// and
" is also a representation of H=W in AG.V=W /, possibly different from " but isomorphic
to it, according to our definition of isomorphism of representations. If furthermore f " D "
for some f 2 Aut.AG.V=W //, then we say that " and " are strongly isomorphic.
As H is simply connected, the automorphisms of H=W bijectively correspond to the cosets
of W in NAut.H/.W / ([23], Lemma 12.11), those induced by automorphisms of AG.V=W /
being represented by cosets of W contained in NAut./.W /. Therefore, denoted by Aut.H=W /
the group of automorphisms of H=W induced by automorphisms of AG.V=W / stabilizing
".H=W /, we have:
jNAut.H/.W /=W : NAut./.W /=W j D jAut.H=W / : Aut.H=W /j:
Furthermore,
jNAut.H/.W /=W : NAut./.W /=W j D jNAut.H/.W / : NAut./.W /j:
Therefore,
PROPOSITION 6.9. Modulo strong isomorphism, the number of representations of H=W in
AG.V=W / is equal to the index of NAut./.W / in NAut.H/.W /.
Assume that H has finite order. By Proposition 6.8, all affine representations of H are mutually
isomorphic. Therefore, all subgroups of Aut.H/ defining affine quotients of H are conjugate
to subspaces of V .
On the other hand, if ord.H/ is infinite, then infinitely many nonisomorphic fields exist of the
same order as H; they give rise to nonisomorphic affine representations of H. Furthermore,
nonisomorphic fields also exist with the same additive group (take a noncommutative field
and its opposite, for instance). Therefore, some quotients of H can be embedded as affine
expansions in geometries defined over different fields.
PROBLEM 6.10. Are there any C2:c-geometries that admit nonisomorphic affine representa-
tions defined over the same field? Are there any (two-dimensional) C2:c-geometries that admit
an affine representation in a desarguesian affine space and also in a non-desarguesian one?
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PROBLEM 6.11. Given a Hamming geometry H D H.n; q/, let A be a nondesarguesian
translation plane of order q and let P be a set of n points of A1. Then A[P] is a quotient
of H (Proposition 6.3). A covering from H to A[P] can be constructed ‘topologically’ as in
the proof of Theorem 3.9. Can we find a more geometric construction for it ?
PROBLEM 6.12. Let 0 admit an affine representation. By Proposition 6.1 and Corollary
6.5, the equality dim.0/ D rk.0/ holds if and only if 0 is a Hamming geometry. Is the same
true in general?
EXAMPLES. (i) A near-hexagon from the ternary Golay code. Regarding the canonical
basis E D fe1; e2; : : : ; e12g of V D V .12; 3/ as the set of points of the Steiner system S D
S.12; 6; 5/, for every block B of S we set
vB D
12X
iD1
B.ei /ei
with B.ei / D 1 or −1 according to whether ei belongs to B or not. The subspace W1 of V
spanned by the above defined vectors is the six-dimensional ternary Golay code [14]. Denote
by G E the stabilizer of E in GL12.3/, the stabilizer of W1 in G E is M D 2M12 (central
nonsplit extension) and the quotient W2 D V=W1 is an M-module, isomorphic to W1 (see
[15]). The projection  of V onto W2 is injective on E . Denoted by pi the one-dimensional
linear subspace of W2 spanned by .ei /, the set P D fpi g12iD1 spans the projective geometry
PG.W2/ of W2.
The affine expansion of P to the affine geometry AG.W2/ of W2 is a near hexagon of
order 3 with 729 points. We denote it 0SY, after Shult and Yanushka [30] who first considered
it. The universal cover of 0SY is the Hamming geometry H D H.12; 3/, namely the affine
expansion to AG.V / of the set of points of PG.V / represented by the vectors of E . We
have 0SY D H=W1. The normalizer of W1 in Aut.H/ is V :M , flag–transitive on H. Hence
W2:M .D 36:2M12/ D Aut.0SY/, flag–transitive on 0SY.
Shult and Yanushka [30] described 0SY as an affine expansion (although they did not define
affine expansions explicitly in their paper); they also noted that all boxes of 0SY on firm
quadrangles of 0SY are closed, but they did not seem to be aware that 0SY is a quotient of
H.12; 3/. This fact is noted in Pasechnik [25].
REMARK. It is well known that the points, pairs, triples and quadruples of points of the
Steiner system S.12; 6; 5/ together with the hexads of S.12; 6; 5/ form a 3-point extension S
of AG.2; 3/, namely a matroid with diagram and orders as follows:
    
1 1 1 2 3
c A f
The Hamming expansion, say 1, of S by H.12; 3/ belongs to the following diagram
     
2 1 1 1 2 3
c A f
We have Aut.1/ D Sym.3/ o M12 and W1 defines a quotient of 1. The geometry 0SY is a
truncation of 1=W1.
(ii) A C2:c geometry involving T 2 .O/. Given a hyperoval O in the plane at infinity of
A D AG.3; q/, q even, we can construct the affine expansion A[O] of O ([16]; note that the
point–line system of A[P] is the generalized quadrangle called T 2 .O/ in [26]). Clearly, A[O]
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has order q, rank q C 2 and dimension 3. By Proposition 6.3, the universal cover of A[O] is
H.q C 2; q/.
The automorphism group of A[O] is just the automorphism group of the generalized quad-
rangle T 2 .O/ and the latter is the stabilizer of O in A0L3.q/ (this is implicit in [18]). That
group is flag-transitive on A[O] if and only if it induces a 2-transitive action on O . This hap-
pens only when q D 2 or 4. When q D 2 we have Aut.A[O]/ D 23: Sym.4/. When q D 4 we
have Aut.A[O]/ D 26: Sym.6/. As Aut.A[P]/ is a subgroup of A0L3.q/, by Proposition 6.9
we obtain the following:
RESULT 6.13. If 0 D A[O] then the affine representation of 0 in AG.3; q/ is unique (modulo
automorphisms of AG.3; q//.
Therefore,
RESULT 6.14. If O and O 0 are nonisomorphic hyperovals of PG.2; q/, then A[O] 6D A[O 0].
6.2. Geometries of small order.
LEMMA 6.15. There are precisely eight C2:c-geometries of rank 3 and order q  4. All of
them are covered by Hamming geometries.
PROOF. It is shown by Rees [27] that every finite C2:c-geometry of order q arises from a
set of k mutually orthogonal latin squares of order h, with kh D q and possibly k D 1 or
h D 1. Furthermore, isomorphic sets of latin squares give rise to isomorphic geometries. The
number of points of a geometry corresponding to a set of k mutually orthogonal latin squares
of order h is q3=h. Thus, when .k; h/ D .1; q/ we get flat geometries (see Section 6.3). When
.k; h/ D .q; 1/ we obtain the Hamming geometry H.3; q/.
We recall that there is just one latin square of order 2 and just one pair of mutually orthogonal
latin squares of order 2. Up to isomorphism, there is a unique latin square of order 3 and
there are precisely two latin squares of order 4. Thus, for q D 2 or 3 there is a unique C2:c-
geometry of order q and rank 3 different from H.3; q/. When q D 4 we have exactly three
such geometries. On the other hand, both H.3; 2/ and H.3; 3/ admit a proper quotient and
H.3; 4/ admits three nonisomorphic proper quotients. (Two of them are affine quotients, with
32 and 16 points respectively; the third one has 16 points and it is obtained by factorizing over
a cyclic group of order 4, whence it is not of affine type.) Therefore, every C2:c-geometry of
rank 3 and order q  4 is a quotient of H.3; q/. 2
By Propositions 2.5 and 3.3, all C2:c-geometries covered by Hamming geometries admit the
natural parallelism. Conversely,
PROPOSITION 6.16. A C2:c-geometry 0 of order q  4 admits the natural parallelism only
if it is covered by a Hamming geometry.
PROOF. If rk.0/ D 3 the statement follows from Lemma 6.15. Let rk.0/ > 3 and let 0
admit the natural parallelism. By Proposition 2.3, 0 is a truncation of a C2:c2-geometry 1
belonging to the following diagram:
.C2:c2/    
q − 1 1 1
points lines quads hyperquadsc
where q − 1; 1; 1 are orders (in the meaning of [23]) and the elements called hyperquads are
the connected components of the substructures of 0 defined as follows: for any three distinct
classes P1; P2; P3 of lines of 0, take P1 [ P2 [ P3 as the set of lines and take the quads with
all lines in P1 [ P2 [ P3; save all points of 0.
By Lemma 6.15, all hyperquads of 1 are covered by Hamming geometries. Then 0 is
covered by a Hamming geometry, by Theorem 5.3. 2
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A Family of Subgeometries of PG.n; 2/. Now we apply Proposition 6.16 to the investigation
of a family of geometries constructed in [16].
Given a plane P0 in PG.n; 2/ (n  4) and a hyperoval O of P0, let 0n be the C2:c geometry
defined as follows: as quads (lines) we take the subspaces of PG.n; 2/ of dimension n − 4
(resp. n− 3) that do not meet P0; the points of 0n are the .n− 2/-dimensional subspaces X of
PG.n; 2/ with X \ P0 a point of O . The incidence relation is the natural one, inherited from
PG.n; 2/. Clearly, 0n has order 4 and rank 2n−2.
When n  5 we can extend 0n to a C2:c:Ln−3-geometry1n over the set of types f0; 1; 2; : : : ;
n−2g: the points, lines and quads of 0n are the elements of 1n of type n−2, n−3 and n−4
and, for every i D 0; 1; : : : ; n − 5, the i–dimensional subspaces of PG.n; 2/ that do not meet
P0 are the elements of 1n of type i . The incidence relation is inherited from PG.n; 2/. It is
straightforward to check that 1n has a diagram and orders as in the following picture (where
the types are given in decreasing order):
    . . .  
3 1 2 2 2 2
n − 2 n − 3 n − 4 n − 5 1 0c
The residues of the elements of 1 of type 0 are copies of AG.n− 2; 2/ and the C2:c-residues
of 1n are isomorphic to 04.
LEMMA 6.17. The geometry 04 admits the natural parallelism.
PROOF. The complement L0 D P0 n O of O in P0 is a line. Given two lines L ;M of
04, we write L2M if L0; L ;M are contained in a common 3–subspace of PG.4; 2/. It is
straightforward to check that 2 is an equivalence relation and that, given a quad Q of 04
(namely, a point of PG.4; 2/ exterior to P0), two lines L ;M of Q correspond in 2 if and
only if L kQ M . Therefore, 2 is the natural parallelism of 04. 2
LEMMA 6.18. For any n  4, the C2:c-geometry 0n admits the natural parallelism.
(This is easily seen, by Lemma 6.17 and Theorem 5.2, considering the C2:c:Ln−3-geometry
1n when n > 4.) Lemma 6.18 and Proposition 6.16 give us the following:
RESULT 6.19. For any n  4, the C2:c-geometry 0n is covered by H.2n−2; 4/.
The stabilizer G of O in LnC1.2/ has the following structure
G D 22.n−2/ : .ASLn−2.2/ ASL2.2//
with
O2.G/ D 22.n−2/:.2n−2  22/ D 23.n−2/:22
a central but nonsplit extension of 22.n−2/ by 2n . The group G acts flag–transitively in 1n
(hence in 0n , too).
RESULT 6.20. We have Aut.1n/ D Aut.0n/ D G.
SKETCH OF THE PROOF. We need to show that PG.n; 2/ can be recovered from 0n . We will
only consider the case of n D 4, which is the easiest one. The lines of PG.4; 2/ meeting O in
one point are the equivalence classes of the relation ‘having a common point but not a common
line’ defined between quads of 04. The planes X of PG.4; 2/ with X \ P0 D L0 D P0 n O
are the equivalence classes of the relation ‘having no common points’ between quads of 04.
The planes of PG.4; 2/ meeting O in two points are q  q grids in the quad–line structure
of 04, hence they can be recovered from 04, too. Every line of PG.4; 2/ meeting L0 in one
point is the intersection of one of the above planes with a plane containing L0. Therefore, all
lines of PG.4; 2/ not contained in P0 can be recovered from 04. It is clear how to continue
from here. 2
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Let V0 D V .2n−2; 2/ and V D V .2n−2; 4/ D G F.4/ ⊗ V0. By Corollary 6.5, the Hamming
geometry H.2n−2; 4/ is the affine expansion to AG.V / of the set of one-dimensional linear
subspaces spanned by the vectors of a basis E of V . We may assume to have chosen the points
of AG.n−2; 2/ as indices for the vectors of E . Thus, E D fepgp2P with P the set of points of
AG.n− 2; 2/. For every subspace X of AG.n− 2; 2/, we set vX D
P
p2X ep. The vectors vX
with X a subspace of AG.n− 2; 2/ of dimension at least 2 span a .2n−2− nC 1/-dimensional
subspace W0 of V0 (see [7]) and the subspace W D G F.4/ ⊗ W0 of V (D G F.4/ ⊗ V0)
defines an affine quotient of H. It is not difficult to see that the normalizer N .W / of W in
Aut.H.2n−2; 4// has the following structure:
N .W / D W : 22.n−2/:.Sym.4/ ASLn−2.2//
RESULT 6.21. We have 0n D H.2n−2; 4/=W .
PROOF. By Result 6.19, 0n D H.2n−2; 4/=U for some subgroup U of Aut.H.2n−2; 4//.
Denoted by 3 the family of one-dimensional subspaces of V spanned by the vectors of E , the
action U1 of U on3 is trivial, by Corollary 3.7. Furthermore, jU j D 4m with m D 2n−2−nC1.
Indeed, 4n−1 is the number of points of 0n .
Therefore, if U is not a subspace of V , it contains some element inducing a cycle of order 4
on some members of 3. Thus, denoted by N the normalizer of U in Aut.H.2n−2; 4// and by
N0 the elementwise stabilizer of 3 in N , either N0 is a 2–group or jN0j D 2h  3k for suitable
positive integers h; k and N1 is not transitive on 3. (The latter occurs when 4–cycles are
contained in the action induced by U on some but not all members of 3.) However, neither
of the above fits with the description we have previously given for G. Indeed, according to it,
we have N1 D ASLn−2.2/ and jN0j D 2h  3 with h D 2n−1 C 1. Therefore, U is a subspace
of V . The order of U and the fact that N1 D ASLn−2.2/ show that U is W or a conjugate
of it. 2
On the other hand, W is a subgroup of the automorphism of the Hamming expansion of
AG.n−2; 2/ by H, which is 2–simply connected, according to Proposition 5.4. Consequently,
COROLLARY 6.22. The universal 2–cover of 1n is the Hamming expansion of AG.n−2; 2/
by H.2n−2; 4/. It is a 4m–fold cover, with m D 2n−2 − n C 1.
REMARK. 1n is .n − 2/–simply connected for any n  4. This can be proved via Theo-
rem 12.64 of [23], considering the simplicial complex of 0-shadows. We omit the details.
6.3. Flat C2:c-geometries. A C2:c-geometry 0 is said to be flat if all points of 0 are incident
with all quads. For instance, if A is an affine plane and P is a subset of its line at infinity
containing at least three points, then the affine expansion A[P] is flat.
Flat C2:c-geometries and nets. Given a (possibly infinite) net N of degree at least 3, let N1
be its set of parallel classes. Given distinct members A; B of N1, the points of N together
with the lines of A[ B form a grid Q A;B . Let 0.N / be the geometry with the same points and
lines as N and with the above defined grids Q A;B as quads (A; B any two distinct members
of N1). It is straightforward to check that 0.N / is a flat C2:c geometry. (For instance, when
N is embedded in an affine plane A, then 0.N / D A[P], with P D N1  A1.)
PROPOSITION 6.23. The point–line system of a C2:c-geometry 0 is a net if and only if 0 is
flat and admits the natural parallelism.
PROOF. The ‘only if’ part is obvious. (Note that, if the point–line system of 0 is a net,
then the parallelism of that net is the natural parallelism of 0.) Conversely, let 0 be flat and
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assume it admits the natural parallelism. Given a line L , a point p 62 L and a line M on p
not parallel to L , let L 0 be the line on p parallel to L , let Q D Q.M; L 0/ and p0 be a point
of L . Then p0 2 Q, as 0 is flat. Hence L 2 Q, as L is parallel to L 0, which is a line of Q.
Therefore L and M , being nonparallel lines of Q, are concurrent. 2
PROBLEM 6.24. We will see later (Proposition 6.26) that every finite flat C2:c-geometry
admits the natural parallelism. Is the same also true in the infinite case?
The finite case. The following is noted by Pasechnik [25, Section 3, 4]:
PROPOSITION 6.25. A finite C2:c-geometry is flat if and only it has dimension 2 and admits
order.
PROOF. The point–set of a quad Q is covered by the lines of Q concurrent with a given
line of Q. Hence, flat C2:c-geometries have dimension 2.
Given a point p of a finite flat C2:c-geometry 0, let L1; L2; L3 be three distinct lines of
St.p/ and let q1; q2; q3 be their numbers of points. As 0 is flat, all points of 0 belong to
Q.Li ; L j /. Hence qi q j is the number of points of 0. Consequently, q1q2 D q1q3 D q2q3,
hence q1 D q2 D q3 D q, say. It is now clear that all lines of St.p/ have q points. Hence all
lines of 0 have q points, by Proposition 2.8.
Conversely, let 0 be a finite C2:c-geometry of dimension 2 and order q. As dim.0/ D 2,
there is a quad Q containing all points of 0. Therefore, 0 has q2 points and every quad of 0
contains all points of 0. 2
REMARK. Finite nonflat C2:c-geometries exist of dimension 2 but, according to Proposition
6.25, they do not admit order. The following is the smallest example:
   
   
 
 
 
 @
@
@
@  
 
 
 @
@
@
@
a1 a2 a3 a4
b1 b2 b3 b4
There are four quads, two of which contain all points; the sets of points of the remaining two
quads are fa1; a2; b1; b2g and fa3; a4; b3; b4g;
   
   
a1 a2 a3 a4
b1 b2 b3 b4
 
 
 
 
 
 @
@
@
@
a1 a2
b1 b2
   
   
 
 
 
 @
@
@
@  
 
 
 @
@
@
@
a1 a2 a3 a4
b1 b2 b3 b4
 
 
 
 
 
 @
@
@
@
a3 a4
b3 b4
Let 0 be a finite flat C2:c-geometry. According to Proposition 6.25, 0 admits order. Let
q D ord.0/ and n D rk.0/. Clearly, q2 and n  q are the number of points and the number of
lines of 0.
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PROPOSITION 6.26. We have q  n − 1 and 0 admits the natural parallelism.
PROOF. Let p and L be a point and a line of 0, with p 62 L . Every quad on L contains
p. Hence it contains a unique line of St.p/ concurrent with L . On the other hand, every
line of St.p/ meeting L in a point belongs to a unique quad on L . As different quads on
L have no common lines concurrent with L , precisely n − 1 of the lines of St.p/ meet L .
Therefore, n − 1  q and only one line of St.p/ remains, which does not meet L . Thus, the
point–line system of 0 is a net of degree n and order q. The parallelism of this net is the
natural parallelism of 0 (compare Proposition 6.23). 2
It is well known [17] that every finite net of degree n and order q corresponds to a set of
n − 2 mutually orthogonal latin squares of order q. Thus, a set of mutually orthogonal latin
squares fSi .0/gn−2iD1 is associated to 0 (see also Pasechnik [25, Section 3, 4]). The following
is a straightforward consequence of Theorem 3.9:
PROPOSITION 6.27. The geometry 0 is covered by a Hamming geometry if and only if the
latin square Si .0/ is the multiplicative table of a group, for every i D 1; 2; : : : ; n − 2.
In particular, when n D 3 then 0 is an almost-thin C3-geometry and the above gives us back
a result of Rees ([27], 5(i)):
COROLLARY 6.28. A finite flat almost-thin C3:c-geometry is covered by a building if and
only if the corresponding latin square is the multiplicative table of a group.
Given a finite affine plane A or order q, let P D A1 or A1 n fpg with p a point at infinity
of A. Then A[P] is a flat C2:c-geometry of order q and rank q or q C 1. Conversely,
PROPOSITION 6.29. Let 0 be a finite flat C2:c geometry of order q and rank n with n D q
or q C 1. Then 0 D A[P] with A an affine plane and P the set of all points at infinity of A
(when n D q C 1) or the set of all points at infinity of A but one (when n D q).
(The proof is easy; we leave it for the reader.) We warn that not every finite flat C2:c-geometry
is a quotient of a Hamming geometry. Counterexamples are known among C3 geometries
(see [21]). Other counterexamples can be obtained from affine planes that are not translation
planes, as shown in the next proposition.
PROPOSITION 6.30. Let A be an affine plane and let P D A1 be its line at infinity. Then
A[P] is covered by a Hamming geometry if and only if A is a translation plane.
PROOF. The ‘if’ part follows from Proposition 6.3. The proof of the ‘only if’ part is similar
to that given for Proposition 6.3; we leave it for the reader. 2
RESULT 6.31. All finite flat C2:c-geometries of order q  4 and rank n  q C 1 are covered
by Hamming geometries.
PROOF. When .q; n/ 6D .4; 3/ the statement follows from Propositions 6.29 and 6.30 and
from the uniqueness of the affine planes of order 2, 3 and 4. When .q; n/ D .4; 3/, Lemma 6.15
gives us the conclusion. 2
An Example Arising from a Spread of PG.3; 2/. The following C2:c geometry is the smallest
member of a family of flat C2:A f -geometries constructed in [22] (see also [12]).
Given a three-dimensional subspace S of PG.4; 2/ and a spread L in it, choose a line
L 2 L. We take as ‘quads’ the 3-subspaces of PG.4; 2/ containing L but distinct from S; as
‘lines’ we take the points of PG.4; 2/ not belonging to S; as ‘points’ we take the planes X of
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PG.4; 2/ with X \S a line of L different from L . All ‘points’ are declared to be incident to all
‘quads’ whereas the incidence relation between ‘lines’ and ‘points’ or ‘quads’ is inherited from
PG.4; 2/. Thus, we obtain a flat C2:c-geometry, say 0.L/, of order 4 and rank 4. According
to Proposition 6.30, we have 0.L/ D A[P] with A D AG.2; 4/ and P D A1 n fp0g for some
point p0 of A1 D PG.1; 4/. Thus, Aut.0.L// is the stabilizer 24: Sym.4/ of p0 in A0L2.4/.
By Result 6.31, the Hamming geometry H.4; 4/ is the universal cover of 0.L/.
6.4. Some flat c:c-geometries A c:c geometry is said to be flat if all its elements of type C
are incident with all elements of type −. Many flat c:c-geometries can be obtained by gluing
1-factorizations of complete graphs, as we will explain in a few lines.
Gluing two 1-factorizations of a complete graph. A 1-factorization of a finite complete graph
K is a surjective mapping  from the set of edges of K to a set I (called the set of colours of
 ) such that, for every vertex x of K, the function  induces a bijection between the set of
edges containing x and the set I .
For instance, the point–line system of the affine geometry AG.n; 2/ is a complete graph with
2n points and the function that maps every line onto its point at infinity is a 1-factorization of
it, with the points of PG.n− 1; 2/ as colours. Henceforth, the point–line system of AG.n; 2/,
equipped with the above mentioned 1-factorization, will be denoted by AS.n; 2/.
The following is proved in [13]: given a 1-factorization  of a complete graph K, if there
is a permutation group acting doubly transitively on the set of vertices of K and permuting
the fibers of  , then either .K; / D AS.n; 2/ for some n or .K; / is one of a few (in fact,
three) sporadic examples. However, if we do not require the existence of a permutation group
as above, then admitting a 1-factorization is not a very restrictive property. Indeed, a finite
complete graph admits a 1-factorization if and only it has an even number of vertices [19].
Given two copies KC and K− of a finite complete graph with an even number s  4 of
vertices and 1-factorizations C, − on KC and K−, a c:c geometry can be constructed as
follows [5]. If we denote by IC and I− the sets of colours of C and − and we take as
given a bijection  from IC to I−, we take the vertices of KC (resp. K−) as elements of
type C (resp. −), declaring all vertices of KC to be incident with all vertices of K− (that
is, the geometry we are going to define is flat). If eC and e− are edges of KC and K− with
.C.eC// D −.e−/, then the pair .eC; e−/ is taken as an element of type 0 and it is declared
to be incident with precisely the vertices of eC and e−. According to [10], we call this c:c
geometry the gluing of .KC; C/ and .K−; −/ via the permutation .
Gluing two copies of AS.n; 2/. Finite flag-transitive flat c:c-geometries are considered in [5].
It turns out that, apart from one sporadic example where Alt .6/ acts, all of them are obtained
by gluing two copies of the affine space AS.n; 2/ (n  2) via a permutation  of the set of
points of PG.n − 1; 2/ (possibly,  62 Ln.2/). We denote this glued geometry by Gln./.
When  2 Ln.2/, the gluing Gln./ is said to be canonical. Up to isomorphism, only
one canonical gluing is possible for a given n (see [5]). That is, denoted by  the identity
permutation of PG.n − 1; 2/, we have Gln./ D Gln./ for any  2 Ln.2/.
It is known [5] that the canonical gluing is a quotient of the truncated building of type Dm
with m D 2n . This is proved in [5] by exploiting a group–theoretic characterization of the
truncated Coxeter complex of type Dm (Baumeister [1], Corollary 3.5). An easier proof is
made available by the results of this paper. (Another nongroup-theoretic proof is given in [24],
Theorem 19.)
PROPOSITION 6.32. The canonical gluing Gln./ is a quotient of the truncated Coxeter com-
plex of type Dm , with m D 2n .
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PROOF. According to Theorem 4.4, we only need to prove that every almost-closed tetra-
hedron of Gln./ is closed. Let T be a tetrahedron of Gln./,
T D ..ai /4iD1; .ei; j /1i< j4/
with a1; a2; a3; a4 of type C, and let b1; b2; b3 be elements of type − with bi incident to e j;k
for 1  j < k  4, j; k 6D i and i D 1; 2; 3. As  D , we have ei; j D .fai ; a j g; Li; j g/
for 1  i < j  4, with fai ; a j g and Li; j parallel lines of AG.2; n/. By assumption,
fb1; b2g D L3;4, fb1; b3g D L2;4 and fb2; b3g D L1;4. Modulo translations in one of the two
glued copies of AG.n; 2/, we may assume that fa3; a4g D L3;4 with b1 D a4 and b2 D a3. The
line L2;4 contains b1 and is parallel to fa2; a4g. However, b1 D a4. Hence L2;4 D fa2; a4g,
whence b3 D a2. Consequently, the line L1;4, which is parallel to fa1; a4g, coincides with
fa2; a3g. That is, fa1; a4g and fa2; a3g are parallel. This forces fa1; a2; a3; a4g to be a plane of
AG.n; 2/.
Therefore, Li; j and Lh;k are parallel for every partition ffi; jg; fh; kgg of the set f1; 2; 3; 4g.
Furthermore, Li; j D fai ; a j g. Thus, if we choose b4 D a1 we close the tetrahedron. 2
REMARK. It is proved in [7] that the folding F.Gln.// of the canonical gluing Gln./ is a
truncation of a quotient 1 of the Hamming expansion (Section 5) e1 of AG.n; 2/ by H.2n; 2/.
Notice that e1 is a 2m–fold cover of 1, with m D 2n−n−1. A 2h–fold cover of 1 with h D (n2
can also be realized as the subgeometry of QC2nC1.2/ far away from a given .n − 1/-subspace
(see [7]).
It is conjectured in [5] that, for flag–transitive gluings, the converse of the above proposition
also holds: if Gln./ is a flag–transitive quotient of a truncated Coxeter complex of type Dm ,
then  2 Ln.2/. (In fact, this is true when n  6; see [5], 5.3; we should warn the reader
of a mistake in [5]: Corollary 7 of [5] is a nonsense.) Without disproving this conjecture,
we will show that the flag–transitivity assumption cannot be dropped from it. Indeed we will
construct a (non flag–transitive) noncanonical gluing Gl3./ which nevertheless is a quotient
of the truncated Coxeter complex of type D8. The following lemma is needed to describe this
example.
LEMMA 6.33. Let n > 2. Then Gln./ is a quotient of a truncated Coxeter complex of type
Dm .m D 2n/ if and only if  satisfies the following property:
Given a plane P of PG.n − 1; 2/ and a point p 2 P , let C1;C2;C3;C4 be four non-
degenerate conics of P of nucleus p and let L1; L2; L3; L4 be the four lines of P not
containing p. Assume that .C4/ is a line. Then .P n fpg/ D P 0 n fp0g for some plane
P 0 and some point p0 2 P 0, .Ci / is a line for all i D 1; 2; 3 and .Li / is a conic with
nucleus p0 for all i D 1; 2; 3; 4.
PROOF. Let P , p, C1;C2;C3;C4; L1; L2; L3; L4 be as above. Then we can take a tetrahe-
dron fa1; a2; a3; a4g in AG.n; 2/ in such a way that, denoting by pi; j the point at infinity of
the line fai ; a j g, we have
Li Dfp j;k j j; k 6D i; j < kg; .i D 1; 2; 3; 4/
Ci Dfp j;i j j 6D ig; .i D 1; 2; 3; 4/:
Let .C4/ be a line. Then there are three distinct points b1; b2; b3 of AG.n; 2/ (to be regarded
as elements of type − in Gln./) such that .pi;4/ is the point at infinity of the line M j;k D
fb j ; bkg for fi; j; kg D f1; 2; 3g. Consider the following tetrahedron of Gln./:
T D ..ai /4iD1; .ei; j /1i< j4/
where a1; a2; a3; a4 are taken as elements of type C and ei; j D .fai ; a j g; Li; j g/ for 1  i <
j  4, with Li; j a line with .pi; j / as the point at infinity; furthermore, Li;4 D M j;k for
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fi; j; kg D f1; 2; 3g (hence b j 2 L.i; 4/ for i; j D 1; 2; 3 and i 6D j) and bi 2 L j;k for
fi; j; kg D f1; 2; 3g.
Assume that Gln./ is a quotient of a truncated Coxeter complex of type Dm . Hence T is
closed, by Theorem 4.4. Thus, the lines Li; j (1  i < j  4) are the six sides of a tetrahedron
fb1; b2; b3; b4g of AG.n; 2/. If we denote by P 0 the plane at infinity of the 3-space spanned
by that tetrahedron, .pi; j / belongs to P 0 for 1  i < j  4. Therefore .Li / and .C j / are
as claimed in the Lemma. The ‘only if’ part of the statement is proved. The proof of the ‘if’
part is easy: just invert the above argument. 2
RESULT 6.34. Just one noncanonical gluing Gl3./ exists that can be obtained as a quotient
of the truncated Coxeter complex of type D8. Its automorphism group is .23 23/: Sym.4/, but
it is not flag-transitive.
PROOF. Let  be a permutation of P D PG.2; 2/ satisfying the property of Lemma 6.33,
where p D .0; 0; 1/ (homogeneous coordinates). Up to multiplication by elements of L3.2/,
we can assume that  fixes the points .0; 1; 0/ and .1; 0; 0/. The transposition permuting
.1; 1; 1/ and .1; 1; 0/ is the unique permutation  with the required properties. The gluing it
gives rise to is noncanonical; nevertheless, by Lemma 6.32, it is a quotient of the truncated
Coxeter complex of type D8.
According to the description given in [5] for automorphism groups of glued geometry, the
automorphism group of Gl3./ is G D .23  23/:G1 with G1 D L3.2/ \ L3.2/ D Sym.4/
(which is the stabilizer of p in L3.2/). Thus, G1 is not point-transitive on PG.2; 2/. Hence G
is not flag-transitive on Gl3./. 2
Let 1 be the truncated Coxeter complex of type D8. A subgroup W of Aut.1/ with 1=W
isomorphic to the above mentioned gluing is not difficult to describe. It is known that Aut.1/ D
V0:S, with V0 the seven-dimensional subspace of V D V .8; 2/ consisting of all vectors of even
weight and S D Sym.8/, stabilizer in L8.2/ of the canonical basis fe1; e2; : : : ; e8g of V . Let
W be the subspace of V spanned by the following four independent vectors:
wi D ei C e4C j C e4Ch C e4Ck; .for fi; j; h; kg D f1; 2; 3; 4g/:
Then W , regarded as a subgroup of V0, does the job.
REMARK. Up to isomorphisms, just three noncanonical gluings exist of two copies of
AS.3; 2/, obtained from permutations  with G1 D L3.2/ \ L3.2/ isomorphic to Frob.21/,
Sym.4/ or Alt .4/ ([5], 2.3). Only the first case gives rise to a flag–transitive gluing, whereas,
according to Proposition 6.34, a quotient of a truncated Coxeter complex of type D8 is obtained
only in the second case. When G1 D Frob.21/ the gluing admits a simply connected double
cover isomorphic to the elation semibiplane arising from PG.2; 8/ ([5], 5.3; also [4]). We do
not know the universal cover in the third case.
PROBLEM 6.35. According to Proposition 4.2, given two complete graphs KC and K− with
the same (even) number s  4 of vertices and 1–factorization C, − of them, the gluing
of .KC; C/ and .K−; −/ is a quotient of a truncated Coxeter complex of type Dm only if
s D 2n (D m) for some n > 1. Does this imply that .KC; C/ D .K−; −/ D AS.n; 2/? (In
view of [5], the answer is affirmative if flag–transitivity is assumed, but we are not assuming
that here.)
6.5. A geometry for J3. It is well known that the third Janko group J3 acts flag–transitively
on a C2:c geometry of order 6 and rank 17. We call it 0.J3/. The earliest mention of 0.J3/ is
by Tits [31], who acknowledged Buekenhout as its discoverer. 0.J3/ is described as a coset
geometry in [31]. A geometric construction of 0.J3/ has been found by Baumeister [3] (see
also [2]), but we are not going into the details of that construction.
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According to [25], 0.J3/ satisfies the Intersection Property, it has diameter 3 and 22  34  13
points. The Hamming geometry with the same order and rank as 0.J3/ has 617 points. Hence
0.J3/ is not covered by a Hamming geometry (Proposition 3.8). As mentioned in [25], the
universal cover of 0.J3/ has been determined by Komissartchik and Tsaranov; it is a triple
cover, it has diameter 6 and 3  J3 (central nonsplit extension) acts flag–transitively on it.
As the universal cover of 0.J3/ is not a Hamming geometry, some fences of 0.J3/ cannot
be closed (Corollary 3.10) and the same happens in its universal cover. An attempt to compute
how many times we need to go around a firm quadrangle of 0.J3/ in order to close the fence
is made in [24]; that number seems to depend on the quadrangle we choose.
7. GENERALIZED RECTAGRAPHS AND C2:c-GEOMETRIES
We recall some definitions from graph theory. A 3–claw is a graph consisting of a vertex v
and three mutually nonadjacent vertices all adjacent to V . An (induced ) 3-claw of a graph G
is an (induced) subgraph of G isomorphic to a 3-claw. An (induced ) cube of G is an (induced)
subgraph of G isomorphic to (the point–edge graph of) a cube.
A connected graph G D .V;/ is said to be a rectagraph if it contains at least three
vertices, it does not contain any triangles and, moreover, jfu; vgj D 2 for any two vertices
u; v at distance 2. It is not difficult to see that rectagraphs are regular. The quadrangle is the
unique rectagraph of valency 2 whereas, given a rectagraph G of valency k > 2, the vertices,
the edges and the 4–circuits of G form a thin–lined C2:c-geometry 0.G/ of rank k, satisfying
the Intersection Property. We call 0.G/ the C2:c-enrichment of G. Conversely, the point–line
system of a thin-lined C2:c-geometry 0 satisfying the Intersection Property is a rectagraph of
valency k D rk.0/.
The following theorem from Brouwer [8] (see also [9], Proposition 4.3.6) is an easy con-
sequence of Theorem 3.9 (in fact, our proof of Theorem 3.9 is a generalization of Brouwer’s
proof).
PROPOSITION 7.1. Let G be a rectagraph of valency k > 2 and assume that every 3-claw
of G is contained in a cube. Then the C2:c-enrichment of G is covered by a thin–lined Hamming
geometry of dimension k.
However, more than this can be obtained from Theorem 3.9. We need a preliminary definition.
We say that a (possibly infinite) connected noncomplete graph G D .V;/ is a generalized
rectagraph if, for any two vertices a, b at distance 2, their common neighbourhood fa; bg is
just a pair of nonadjacent vertices. For instance, the collinearity graph of a grid is a generalized
rectagraph, called a grid–graph. The collinearity graph of a C2:c geometry satisfying the
Intersection Property is also a generalized rectagraph. We will prove the following:
THEOREM 7.2. Let G be a generalized rectagraph. Assume that G is not a grid–graph and
that every induced 3–claw of G is contained in some induced cube. Then G is the collinear-
ity graph of a C2:c geometry satisfying the Intersection Property and covered by a Hamming
geometry.
We need some lemmas before we are ready for the proof of Theorem 7.2. Henceforth G D
.V;/ is a given generalized rectagraph.
LEMMA 7.3. The graph G is regular and, for every vertex a of G, the graph induced by G on
the neighbourhood a of a is disconnected, with complete graphs as connected components.
PROOF. It follows from the definition of generalized rectagraphs that fa; bg is a clique for
every edge fa; bg of G. Therefore, for every vertex a, the induced subgraph a is the disjoint
union of complete graphs.
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A mapping a;b from a ! b can be defined as follows: we set a;b.b/ D a and
a;b.x/ D x for every vertex x 2 fa; bg; if x 2 a n b, then a;b.x/ is defined to be the
unique vertex y such that fx; bg? D fa; yg. Clearly, a;b is bijective with −1a;b D b;a . Hencejaj D jbj. Furthermore, the connected component of b in a is mapped onto the connected
component of a in b. By connectedness, G is regular and, if a is connected (hence a
complete graph), then x is a complete graph for every vertex x . However, there are vertices
x with x a noncomplete graph, as G is not a complete graph. Hence a is disconnected. 2
LEMMA 7.4. Let L.G/ be the point–line geometry with the vertices of G as points and the
maximal cliques of G as lines. Then L.G/ is a partial linear space satisfying the property .P L/.
PROOF. By Lemma 7.3, no point of L.G/ is collinear with all points. Let L , M be distinct
lines of L.G/ meeting in distinct points a, b, if possible. As M is a maximal clique, given
c 2 L nM there is a point d 2 M nc. Clearly, d.c; d/ D 2. However, a; b are distinct adjacent
points of fc; dg, which is impossible in a generalized rectagraph; contradiction. Therefore,
L.G/ is a partial linear space.
Given a line L and a point a 62 L , let b; c be distinct points of L collinear with a, if possible.
The clique fa; b; cg is contained in a maximal clique M and M D L , as M\L  fb; cg. Hence
a 2 L; contradiction. Therefore, a is collinear with at most one point of L . 2
LEMMA 7.5. Let the following hold in G:
we have fa0; b0; cg 6D ; for every 3-clique fa; b; cg and every edge fa0; c0g of G
with a  a0 and b  b0. .?/
Then every point of L.G/ belongs to the same number of lines.
PROOF. Given two adjacent vertices a; b of G, define a;b : a ! b as in the proof of
Lemma 7.3. If we can prove that a;b is an isomorphism of graphs, we are done. Indeed,
the connected components of a are the lines of L.G/ on a, deprived of a; if a;b is an
isomorphism, then a and b belong to the same number of lines and we obtain the conclusion
by connectedness.
Thus, let x; y be adiacent points of a n b. By .?/, there is a point z 2 fb; a;b.x/; yg.
Clearly, z D a;b.y/. That is, a;b.x/  a;b.y/ and a;b is an isomorphism. 2
Clearly, L.G/ is a grid precisely when every point of L.G/ belongs to exactly two lines.
LEMMA 7.6. Let G satisfy the property .?/ of Lemma 7:5 and assume that L.G/ is not a
grid. Then L.G/ is the point–line system of a C2:c-geometry 0.L/ satisfying the Intersection
Property.
PROOF. Henceforth, given two distinct adjacent vertices a; b of G, we denote by L.a; b/
the line of L.G/ passing through them. Given two distinct lines L , M , if all points of L have
distance 1 from M then we say that L is elementary parallel to M and we write L  M .
Clearly, if L  M then L \ M D ;.
Let L \ M D ; and assume that L contains two distinct points a1; a2 at distance 1 from
M . For i D 1; 2, let bi be the point of M collinear with i (unique by Lemma 7.4). We have
b1 6D b2, otherwise b1 2 L , contrary to the hypothesis that L \ M D ;. Let a 2 L n fa1; a2g.
By .?/, there is point b 2 fb1; b2; ag. That, is b is a point of M at distance 1 from a. Hence
L  M .
It is now clear that the relation  is symmetric and that, given a point a at distance 1 from
a line L , there is precisely one line on a elementary parallel to L . We denote it by .a; L/.
Given two distinct lines L and M meeting in a point a, we have b 6 c for any b 2 L n fag
and c 2 M n fag, by Lemma 7.4. As G is a generalized rectagraph, there is a unique point d
such that .a; b; d; c/ is a 4–circuit. Clearly, d D .b;M/ \ .c; L/.
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Let Q.a; b; c; d/ be the subspace of L.G/ spanned by fa; b; c; dg. Both L.b; c/ and L.c; d/
belong to Q.a; b; c; d/. Hence Q.a; b; c; d/ contains the lines .x; L/ and .y;M/ for all
x 2 M and y 2 L . Also,[
x2M
.x; L/ D
[
y2L
.y;M/ .D P.a; b; c; d/; say/:
We shall show that Q.a; b; c; d/ D P.a; b; c; d/. Clearly, Q.a; b; c; d/  P.a; b; c; d/.
For the reverse inclusion, we only need to show that P.a; b; c; d/ is a subspace of L.G/.
Thus, let z1; z2 be distinct collinear points of P.a; b; c; d/. For i D 1; 2, the point zi is the
intersection of .xi ; L/ and .yi ;M/, for suitable points xi 2 M and yi 2 L . If x1 D x2 then
L.z1; z2/ D .x1; L/ and we are done. Let x1 6D x2. Then the point z D .x1; L/\.y2;M/,
being collinear with both z1 and z2, belongs to L.z1; z2/. However, z 6D z2 (as it belongs
to .x1; L/, which does not contain z2) and .y2;M/ contains both z and z2. Therefore
L.z1; z2/ D L.z; z2/ D .y2;M/. Hence z1 2 .y2;M/, namely y1 D y2. Consequently,
L.z1; z2/ D .y1;M/ D .y2;M/. Again, L.z1; z2/  P.a; b; c; d/. Thus, P.a; b; c; d/ is a
subspace and P.a; b; c; d/ D Q.a; b; c; d/.
It is also clear from the above that f.x; L/gx2M [f.y;M/gy2L is the set of lines contained
in Q.a; b; c; d/. Consequently, Q.a; b; c; d/ is a grid.
We call quads the subspaces Q.a; b; c; d/ of L.G/, with .a; b; d; c/ a 4–circuit if G. As G
is a generalized rectagraph and quads are grids, every pair of points at distance 2 belongs to
precisely one quad; that is, any two concurrent lines belong to a unique quad and, if a point a
is collinear with two distinct points of a quad Q, then a 2 Q. Furthermore, every line belongs
to at least two quads, as every point belongs to the same number of lines (Lemma 7.5) and
L.G/ is assumed to be not a grid.
It is now clear that L.G/ with the above defined quads is a C2:c-geometry 0.G/ satisfying
.P L/ and .P Q/, which, as noted in the Introduction of this paper, are equivalent to the
Intersection Property. 2
PROOF (OF THEOREM 7.2). Let G be as in the hypotheses of Theorem 7.2. First we prove
that .?/ of Lemma 7.5 holds. Let a; b; c; a0; b0 be as in the hypotheses of .?/. By Lemma 7.4,
if c  b0 or c  a0 then a; b; c; a0; b0 are forced to form a clique and there is nothing to prove.
Assume that c 6 a0; b0 and let c0 D a;a0.c/, with a;a0 defined as in the proof of Lemma 7.3.
We need to prove that c0  b0. Assume the contrary. Then fa0; b0; c0; ag is an induced 3–claw,
whence it belongs to an induced cube C of G, by the hypotheses made on G. The 4–circuits
.a0; a; b; b0/ and .a0; a; c; c0/ are faces of C . Hence b  c, as C is an induced subgraph of G;
contradiction.
Therefore c0  b0 and .?/ holds in G. By Lemma 7.6, G is the collinearity graph of a
C2:c-geometry 0.G/ satisfying the Intersection Property. By Theorem 3.9, 0.G/ is covered by
a Hamming geometry.
PROBLEM 7.7. The collinearity graph of a C2:c geometry satysfying .P L/ but not .P Q/ is
not a generalized rectagraph, but the following holds in it: the common neighbourhood of any
two points at distance 2 is a completely disconnected graph. Can we generalize Theorem 7.2
for graphs with this property?
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